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TECHNICAL NOTE NO. 1690‘

THEORETICAT, AND EXPERTMENTAL WING—TTP ACCELERATTIONS
OF A SMALL FIYING BOAT DURING LANDING IMPACTS

By Daniel Savitsky 2
SUMMARY

A simplified enalytical method for predicting the time history of
the accelerations along the wing of an airplane during landing impact
is presented and compared with wing—tip-acceleration dats obtained. from
full-scale landing tests of a small seaplane. The structural properties
of the seaplane were such that only the fundamental wing bending mode
of vibration had an important effect on the wing—tip accelerations and
the over—ell structural properties had little effect on the hydrodynamic
impact force. For these conditions, the theoretical and experimental
time histories of wing—-tip acceleration show very good agreement.

A gine curve is used as an approximation for the force—time
variation of the measured impact force and agrees fairly closely
with the experimental impact—force time histories up to and somewhat
beyond. the time of maximum impact load.

Where the most severe impacts of the tested seaplane occurred
subsequent to the initial impact of a particular landing, the seaplane
bounce that preceded this severe impact was usually sufficiently high
and of long enough duration to stop the wing vibrations excited by
the prior impact.

INTRODUCTION

The construction of learge flexible airplanes has increased the
importance of evaluating the effects of .airframe elasticity in producing
critical design loads in the structure during landing impact. In order
to enable the deslgner to calculate these dynamic inertis loads without
having to employ the lengthy and tedious calculations required for an
exact solution of the problem, various theoretical methods for a
relatively simple and quick solution of the structural elasticity
problems have been developed. Several of these solutions are described
in references 1 and 2. Although each of these simplified methods is
based on advanced vibration theory, the resultant final solutions
rresented in each have certain limitations so that they are not generally
applicable to all phases of the structural response problem.
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Measurements were made of the resulting wing—tip acceleraticns
during Impact for a series of full-scale landing tests of a small
seaplane. A comparison of these experimental wing—tip accelerations
with calculated values obtained by applicatlion of g simplified
theoretical solution was desired. Direct appllication of the exlsting
theoretical methods (references 1 and 2) for the analytical evaluation
of the wing—tip accelerations of the test seaplane was not feasible,
however, for several reasons. Two of the reasons are: TFirst, although
reference 1 proposes detailed methods for evaluating the stress distri—
bution throughout an airfreme subjJected to landing impact, this refer—
ence does not treat specifically the problem of determining the acceler—
ation distribution throughout the structure, which masy be critical in
the local structural design. Second, although reference 2 presents a
solution for the evaluation of accelerations that considers the effect
of structural elasticlty 1n altering the Impact force, the scale of
the plots of the generalized results presented in this reference 1s
such that inaccurate answers are obtalned when there is only a small
difference between the acceleration of the nodal point of a wing
bending mode and the acceleration of the hull, as was the case for the
tested seaplame. Thus, since the final results of the existing . .
solutions were not directly applicaeble to the prediction of acceler-.
ations for the tested seaplane, the basic theorles of vibration as
discussed in references 1 and 2 were considered in this paper, and a .
simplified method based on these theories was developed for the
evaluation of the time history of the acceleration distribution
throughout an airplane structure subJected to landing impact when the
Impact—force time history can be defined by s simple mathematical
curve.

This paper presents the development of the simplified method and
illustrates its epplication to the determination of the wing—tip
accelerations during landing impacts of the tested seaplane. A
comparison of the computed and the measured wing-tip-ecceleration
time historles is presented for the severe lending impacts of the
seaplane, and a comparison of the computed and the measured maximum
wing-tip accelerations is given for the light impacts. The calcu—
lations concerned with the determination of the transient—oscillatory—
acceleration response of an alrframe to sine—curve forcing functions
are given Iin an appendix.

SYMBOLS
tn time required for one—fouwrth of a cycle of natural
vibration, seconds ' )
ti time between initial water contact end maximum ) ‘

hydrodynamic force, seconds
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time elapsed after initial water contact, seconds

tims coefficient <<) -95 25)

increment of weight, pounds

nmeximm Impact acceleration normal to water surface in
multiples of the acceleration due to gravity

increment of mass, poun:d.—sec:onﬁ.2 per foot (w/g)

total mass of seaplans, pouml—sec:onﬁ.2 per fc;ot

total weight of sea.pi_l.ane » pounds

acceleration due to gravity, feet per second per second

natural clrcular frequéncy of wing bending mode,

radlans per second ((EL 2x

equivalent circular frequency ‘of applied force, redians
per second ér/?bj)
time variation of applled impact force

meximum value of applied lmpact force, pounds

proportionality factor defining wing deflection curve for
fundamental bending mode in terms of wmit deflection of

wing tip

proportionality factor defining wing d.eflection curve for
secondary bending mode

gpring constent of single-mass oscillator, pounds per foot
effective spring constant at any wing station! pounds per foot
translational d.isplacement of wing nodel point, feet

wing—tlp displacement with respect to nodal point, feet

resultant displacement of any point on wing, feet

effective mass (Z‘.m¢2)
distance along wing outboard from center line, feet
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Subscripts
x any wing station
P point of epplication of impact force

METHOD OF ANALYSTS

When an alrplane lands, the resultant displacement Yy of eny

point on the wing mey be consldered to be composed of two parts, as is
shovn in the simplified representation in figure 1. One component of
motion is that resulting from the translation of the airplane as a .
rigid body (fig. 1(b)). The other is the motion of that point resulting
from the transient oscilletory motion of each of the natural modes of
vibration of the wing structure excited by the impact force (fig. 1(c)).
Thus:

Yp = o + It (1)

The term y_ in equation (1) 1s the rigid-body displacement of the

alrplane, which is also the displacement of the nodal points of any wing
mode. The term ¢yt represents the displacement relative to the nodal
point of any point on the structure when the wing is deflected in a
normal mode shape, where ¢ is the space function defining that normal
mode shape. For convenience, in this paper ¢ is defined in terms of

a unit deflection of the extreme wing tip relative to the nodal point,
although it could be defined in terms of the deflection of any other
point on the deflected wing. The term yi 1is the deflection of the
extreme wing tlp in a normal mode. A separate value of ¢yt is included
in equation (1) for each of the wing modes concerned; however, for
simplicity, the effect of only one mode will be discussed. The evaluation
of the effects of other modes follows an identical procedure and the
deflections associated with each mode are superposed.to obtain resultant
deflections.

From equation (1) the resultant acceleration .of any point on the
wing is readily seen to be:

:7.r=.y-o+¢'y't : (2)
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The translational acceleration ¥o is obtained from Newton's second law
of motion and is equal to

Vo = P(t) M (3)

The transient osclllatory component of acceleration 3ft is obtained from

the Lagrangian equation defining the motion of the wing structure when
the wing oscillates in a natural mode. A derivation of this equation is
included in reference 1. This equation of motlon is written as:

M5y, + Mo, vy = P(6)Gh (%)

where M is equal to Zmp® end @ is the deflection of the point of

application of the impact force rela.t:lve to the nodel point for a wmit
wing~tip deflection.

Rearranging equation (4) and substituting ngf‘a for M results
in the equation:

2 2
’%%—ft rap? z%g—yt = P(t) (5)

Equetion (5), the solution of which yields the transient oscillatory
component of acceleration at the extreme wing tip, 1s the differential
equation of motion of an undemped, single-mass, linear oscillator. Thus,
the evaluation of the osclllatory compenent of acceleration for the wing
tip has been reduced to the relatively simple solution of the equation
of motion of a single-mass oscillator, the natural frequency of which is
equal to the frequency , of the mode 'being considered and the spring

constant of which is equal to the term @, -%g— appearing in equation (5).
This spring—constant term o, -7L for the exbreme wing tip will be shown

to be physically equal to the ratio of the force causing the wing beam

to deflect in one of its natural modes to the resultant wing—tip deflection
relative to the nodal point. Xquating the work done by the external force
in deflecting the wing beam in a natural mode to the internal strain energy
of the wing expressed in terms of the kinetic energy in the wing when it
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is released from its position of maximum deflection corresponding
to Pp,y end passes through a position of zero deflection, resulis

in the expression

| |
s Yag)

Equation (6) can be rearranged to result in the velue of the effective
spring constant at the extreme wing tip kg t1p as defined previously:

_P;nax_ 2Zm' |
Korsp = Ty - o -{ (7

';I'he last term in equation (7) is equal to the multiplying factor of Tt
in equation (5). An equivalent constant kex for any other point x on

the wing can readlly be found from a knowledge of the proportionality
factor @y at that station amd k, _ . Thus:

, tip
ket . ,
Kog = 450 (8)

Since the vibratory characteristics of any point on the wing have been
defined in terms of k, and w,, the vibratory characteristics of the

equivalent linear single-mass oscillator for that point are also known.
The mass of this equjivalent oscillator is a fictitious or "effective"
mass equal to kg/m,“. Thus, substituting the terms just defined in the

differential equation of motion of a single-mass oscillator results in
the equation of motion for the equivalent single-mass oscillator at any
point x along the wing

Ko .. ~
;% x T kexyx = P(t) | (9)

Solving the equations of motion of the equivalent oscillator
for fx, the transient oscillatory acceleration at eny wing station x,
and adding this component of acceleration to the translational acceleration
as defined by equation (3) glves the total acceleration at any point x on
the wing. Although the preceding discussion was limited to the evaluation
of the effects of but one mode, higher modes are treated in a similar
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manner. That 1s, an equivalent linear oscillator is found for each
normal mode and the oscillatory accelerations associated with each
oscillator are superposed. '

The forcing function P(t) in equations (3) and (5) is the time
history of the external impact force applied to the alrplane during
lending. In the case of a seaplane subjected to landing impact, this
forcing function is the time history of the hydrodynamic impact force,
which, when expressed in terms of gross weight of seaplane,is equal
to the translational or nodal acceleration. If this forcing function
can be expressed by a simple mathematical curve, the solution of the
equation of motion of the single-mass osclillator for the oscillatory
acceleration can be simply obtained. The calculetions included 1In the
appendix 1llustrate the derivation of the transient—oscillatory-
acceleration response of a single-mass oscillator to a sine-curve
variation of the forcing function. The sine curve 1s used in this
derivation since, as 1is shown in a subsequent section of this
paper, it could be used as a close approximation to the time history
of experimentally obtained hydrodynamic impact forces. The response
to other simplified mathematical curves can be treated in a similar
fashion.

APPARATUS AND TEST PROCEDURE

Seaplane

The seaplane used. in the tests was a twin-engine amphibian
having an angle of deed rise of 20° at the step. A three—view sketch
of the seaplane together with pertinent dimensions is given in figure 2.
The wing was attached to the hull by means of support struts and tie.
rods mounted on the outboard side of each of the engine mounts. The
vertical pylon between the center of the wing and the hull is a non—
structural fairing and does not tranemit any of the wing inertia loads
to the hull. The gross welght of the seaplane during the landing tests
was approximately 19,000 pounds. A detalled tabulation of the weight
distribution along the seaplane wing, as obtained from data supplied
by the manufacturer, is given in table I.

The natural frequenclies and mode shapes of the seaplane were obtained
from ground vibration tests. The amphibian was supported on its landing
gear and the wing was vibrated by means of an electromagnetic vibrator
comnected to the main spar near the left wing tip (fig. 3). In order to
investigate the effect that the method of seaplane support has on the
wing frequencies and mode shapes, several vibration surveys were con—
ducted over a range of tire pressures and with the oleo strut locked
and unlocked. All methods of support resulted in substantially ldentical
wing frequencies and mode shapes. Figure 4 presents a sketch of the
first and second mode shapes. A tabulation of the mode-—shape factors
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for wing deflection relative to the nodal points based on wnit tip
deflection 1s given in table I.

Instrumentation

Time histories of the Impact accelerations normal to the kesl were
measured by three inductlon—type accelerometers which were installed
as follows: one at the seaplane center of gravity, another Just inboard
of the right engine, and a third near the right wing tip (fig. 2). In
the following discussion, the accelerometer at the center of gravity will
be referred to as the hull accelerometer and the accelerometer neax
the wing tip will be designated the wing—tip accelerometer. The
accelerometers had an undamped natural frequency of 60 cycles per second,
" were oil—damped. to approximately 0.6 critical, had an accuracy of a.pproxi—
mately 1o, 2g, and were simultaneously recorded. on a multichannel oscil-
lograph.

Test Procedure

The landing—impact tests were made in smooth water. Since the
primary purpose of these tests was to determine the hydrodynemic impact
loads on the hull, landings were made over a range of trims and flight—
path angles. TFor the purpose of this paper, however, only those impacts
were considered wherein the forebody masde contact with the water first
and the wing was substantially free of extraneous vibrations Just prior
to impact. In the case of initial afterbody contacts, the seaplane
usually rotated forward to result In superposed forebody impact and
thus made jmpractical an exact mathematlical definition of the primary
hydrodynamic forcing function.

-

RESULTS AND DISCUSSION

Experimental

A tabulation of the values of maximum hull acceleration, time to
maximm hull acceleration (impact period), and maximum wing—tip
acceleration recorded during the various test runs is presented in
table IT. The impact accelerations measured in the vicinity of the
right engine are not presented herein since this accelerometer hed a
considerable amount of high—frequency hash superposed and so made a
reliable estimate of the record deflectlion very difficult. The wing—
tip accelerations were always larger than the hull accelerations by an
amount th?t varied approximately inversely as the impact period. (See
table II.
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A plot of the recorded time histories of the hull and corresponding
wing—tip accelerations is presented in figure 5 for the three most severe
impacts. (Tests 2, 3, and 7.) A considerable amount of irregularity
is seen to exist in the record traces of the hull accelerations. As an
attempt to define the time history of the hull accelerations by a simple
mathematical expression, a sine curve was plotted over the record trace
with the peek acceleration as maximum ordinate and the impact period as
the time for one-quarter cycle. Figure 5 presents a camparison between
the assumed sine curves faired through all three record traces and the
measured. impact force and shows that the sine curve can be used as a
satisfactory approximation up to and somewhat beyond. the time of maximum
hull acceleration. Although the results are not included in this paper, v .
a comparison was also made between the sine curve and msasured hull—-
acceleration time histories for the other test runs listed in table II.
This comparison showed that the sine curve could be used as a close
approximation for the other rums also. Although the sine—curve approxi—
mation can be used for the impact conditions encountered with the test
seaplane, for ailrplanes wherein the structural elasticity has an .
apprecisble effect on altering the impact force or in landings wherein
the flight path is very shallow or steep a sine—curve approximation
may not be sultable. Theoretical time histories of the hydrodynemic
Poreing function for a range of landing conditions and- airplene elasti—
cltles are given In references 2 and 3.

The wing—tip—acceleration time histories are plotted directly below

the corresponding hull accelerations and indicate that the wing tip
reaches a peak acceleration at some time subsequent to peak impact
load.. During the first part of the impact, the tip acceleration is
slightly positive as a result of the superposition of the transient
osclllatory acceleration upon the impact translational acceleration.
In comparison with tests 2 and 3, the record trace of tip acceleration
for test 7 is somewhat irregular since at the time of this impact some
extraneous wing vibrations were present in the wing structure prior to
initial impact. Nevertheless, the general pattern of that time history
is readily distinguishsable.

As shown in table II some of the wing—tip—ecceleration data were
obtained from the second, third, and fourth impacts of any particular
landing. For most of these subsequent impacts the wing vibrations
exclited by the preceding impact were sufficliently diminished between
impacts by the structural-and aerodynamic damping to consider the
oscillations of the structure set up by one impact to be almost com—
pletely independent of the oscilillations set up by any preceding impact.
If, during the seaplane rebound from the water surface that is usually
associated with a hydrodynemic impact, the seaplane was not completely
airborne for a sufficient length of time, the wing oscillations were
not completely damped out. For most of the severe smooth—weter impacts,
however, the rebound that preceded the impact was high enough and of
long enough duration to allow almost complete damping out of the
wing vibrations. The data from those light impacts in which the




[ U UG .5 N N mos e e e - 4 4 amm e tmaraa amew — - = eme

10 " NACA TN No. 1690

vibrations were not materially reduced during the preceding rebound are
not presented herein.

-Calculated

Application of the analytical procedures described in the section
entitled "Method of Analysis" is illustrated in the following paragraphs
for the determination of the translational component, the transient
oscillatory component, and the resultant of the wing-tip accelerations
of the tested seaplane during landing impact. Calculated and experimental
wing-tip accelerations referred to in this paper are for the wing station
at which the outboard accelerometer is located (450 in. from center line)
unless otherwise specified. Time historles of the resultant wing-tip
accelerations were calculated for the three most severe impacts (tests 2,
3, and T) but only the maximm resultant accelerations were calculated
for the remaining impacts. These calculated velues are compared with
the experimental date obtained from full-scale -landings of the ..est
seaplane.

Translational component of acceleration.-— The time histary of the
translational acceleration of the seaplane i1s equal to the time history
of the hydrodynamic impact force expressed in multiples of the gross
wolight of the seaplane. Since the experimental date did not provide
a direct measurement of the hydrodynamic impact force as such, the
measured hull accelerations were used as a close approximation for the
hydrodynsmic impact force. Although, as discussed in reference 2, the
hull acceleration may not be equal to the hydrcdynasmlc Impact acceler—
ation because of elastic effects, for the tested seaplane, in wiich the
rigid hull-support struts were attached to the wing in the immediate
vicinity of the fundamental and secondary flexural nodal polnta, the
effect of wing elasticity on the hull accelerations was minimized.
Thus, the measured hull accelerations presented in table II and
figure 5 can be considered as being a very close approximation to the
actual applied landing reaction and so are considered. to be the
translational component of wing—tip accelerations for the test seaplane.
Since the sine'curve has been shown to be a good approximation for the
measured hull accelerations of the test seaplane this curve is used to
define the time history of the translational component of acceleration
and also, as shown in the following section, to calculate the transient
osclllatory component of acceleration.

Transient oscillatory componsent of acceleration.— As shown by
equation (9), the evaluation of the transient oscillatory component of
acceleration for any point on the wing associated with the vibration
of any particular wing bending mode has been reduced to the solution
of the differential equations.of motion of an equivalent single-mass
oscillator of frequency equal to the natural frequency of the wing
bending fode being considered and of effective spring constent ko
as defined by eq_ua.tions (7) and (8). The time history of the
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acceleration ’i of this single-mass oscillator when subjected to a
forcing function of sine-curve variation is derived in the appendix
for the case of no damping. Substituting k, for k in equation (A6)
rosults in the expression :

= (—2-,;) - (tz) [,—;Einwnt-sin(et)t] (20)

The use of equation (8) gives the following expression for JF: -

- g pen Ko, Bin(ati)t" 6—— [—-sinwnt—sm<2t> (12)

This expression for the transient oscillatory component of acceleration
at any point x on the wing correspondis to the term ¢§t of equation (2).
Thus,

. Pmaxmna
y

1 e
= 22X 8 lgin [\t - |——a—o gin o, t — sin [~-—\t (12)
Kot1p (2*‘1) <tn>2 E= o &ty ]
) 1
i

The sine-curve function is used for P(t) because it agrees closely with
the measured hydrodynamic—force time history, as shown in figure 5.

Tn equetion (10) > Pma.x and ti are characteristlcs of the forcing
function. Both quantities are given in table II where Phax 18 expressed
as acceleration in multiples of the gross weight of the seaplane. The values
of the terms w, and t, are also readily known since they are dependent
upon the frequency of the wing bending mode belng considered. The spring
constant k, 1is derived from equations (7) and (8). Values of k,, in

the fundamental bending mode of vibration of the wing, are shown in table ITI-
for many stations along the wing. In particular, the value of k, at the

wing-tip-accelercmeter station is shown to be —336,400 pounds per foot.
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An effective spring constant can also be found for the secondery wing
bending mode by following a procedure similar to that illustrated in
table ITI, using values of (f* given in table I. This constant was
not calculated in this paper, however, since the strut—support point
on the wing coincildes almost exactly with the inboard nedal point of
the secondary mode. This location results in extremely small deflec—
tions of this mode and consequently minimizes the contribution of this
mode to the total wing-tip accelerations.

An examination of equation (10) shows that the term Pma.x“’na/ke is
the acceleration of the effective mass (ke/cun2> for the point on the
wing corresponding to k, if this effective mass is considered to be a

springless mass subJected to a force Pmax' The expression 1n braces

represents the trangient—-acceleration response to a sine curve of the
linear single-~mass oscillator expressed in terms of w, and in terms

of the ratlio of patural perlod to impact period tn/ti. Solutions of
equation (10) were made for a unit value of Pma.xmne os Tor a value

of @, equal to the natural frequency of the fundamental mode of the
wing of the test seaplane, and for values of the ratio tp/t; ranging

fram 0,1 to 0,7. This range of values of tp/t; includes all the
landings listed in table IT.

Shown in figure 6 are half cycles of the sine—curve time histories
of jmpact forces of various assumed Impact perlods, expressed in terms
of values of t,/t;, and also shown are the solutions of eguation (10)
which are the resulting time histories of the transient—ecceleration
response referred to thereon as transient—oscillatory acceleration factor.
A time scale 1s included in this figwre in order to make the results
generally applicable to other values of w,. This form of presentation

of results i1llustrates the phase relation between both components of
aceeleration for different values of tp/t;. The sine-curve time
higtories are representative of the time-history variation of the
translational component of the resultant acceleration whereas the
time histories in the lower plot define the transient—oscillatory
component of resultant acceleration, Application of these graphical
results to the calculation of the resultant acceleration at the wing—
tip-accelerometer station is discussed in the following section on
resultent wing—tip accelerations. )

The evaluation of the acceleration response factor was not carried
beyond time 2t; since, if the equations as set up in the appendix were
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extended to times longer than 2t;, the results would not correspond to

a sine pulse but, rather, to a continuous application of the sine—curve
forcing function. For values of tn/ti equal to or less than approxi—
mately 0.7 the maximm oscillatory acceleration occurs prior to 21'11 80
that the plots in figure 6 are applicable to all runs. of the tested

geaplane. Further_, for most present-day seaplanes, the maximum design
impact loads are usually applied at such a rate that the ratio tn/ti

rarely exceeds values of 0.7. In cases where the value of the
ratio 'l;n/ti is such that the maximum oscillatory component occurs at

times later than 2t;, the response curves in figure 6 may be extended

to cover the case of a sine pulse by considering the single—mass
oscillator to start vibrating freely from initial condition of displace—
ment and veloclty corresponding to time 2t3. In any case, if the
maximm oscillatory acceleratlion occurs at times substantially later
then the occurrence of maximum impact load, a check on the agreement
between the assumed sine curve and the measured—hydrodynamic—Force

since curve should be made since, as shown in this paper, the assumed
and actual time histories were in disagreement at times substantially
later than t;.

Resultant wing—tip acceleration.— For the tested seaplsne, addition
of the time histories of the translational component of acceleration,
equation (3), and transient oscillatory component of acceleration
asgocliated with the vibration in the fundamental wing bending mode,
equation (11), gives the resultant time history of acceleration for
any point x on the wing. This is expressed by the following equation:

2
P gin o, t P w
§, = -HEX ‘°1+¢xn];axn sin oyt
otip
1 [tn
== :t—sinmnt—sinwi‘E’
(_tﬁ) 4| (13)
ts

The acceleration computed from equation (13) is in units of displacement
per second?. In order to campute the acceleration ln multiples of the
acceleration due to gravity, as was done throughout this paper, each
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term of equation (13) must be divided by the quantity g. Equation (13)
then becomes

¥p P PJma:x.““n2 -
X D8 oin o4t ——— 48in w;t
1
’ _T_(E;) . lj;: sin oyt — sin O)it:, (1)
t

where W 1is the total welght of the alrplane.

The force applied to the wing at the strut—support point P, .

is most conveniently expressed in multiples of airplane weight. That
« 1s ’ ’

Ppax = W (15)

where ny = maximm impact acceleration in multiples of the acceleration
due to gravity. Equation (14) then becomes -

o 2
¥ Way
-g--nisinmit+¢xni% sin w4t

- 1 %2 sin ot — sin oyt
= R (26)
B

which is the equation evaluated by the tabulations given in table IV
and table V.

The calculations concermed with the evaluation of the resultant—wing—
. tip—acceleration time histories are given in table IV. The translational
and oscillatory acceleration factors used in these calculations were
interpolated from figure 6. The value of + in seconds is directly
equal to the value of C4 in figure 6, since, for the fundamental

frequency, the value of 0.0525/tn is unity. The values of translational
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acceleration were obtalined by multiplying the maximum impact acceleration
by the translationasl acceleration factor. The values of oscillatory
acceleration were obtalned by multiplying the maximm impact acceleration
by the oscilla.tor% acceleration factor and by the factor —1..56 which is

the term @y r in equation (16). The value of W in this term
®tip

is 19,200 pounds, @, is equal to 4.67(2n) radians per second, and ketip

is the effective spring constant for the actual wing tip in the fundamental
wing bending mode, shown in table III to be equal to —252,300 pounds per
foot.

As an slternative for carrying out a time-history solution like
those for runs 2, 3, end 7, the peak acceleration can be approximated
by carrying out the calculation for resultant acceleration by use of
the velues of the acceleration factors corresponding to the time of
meximum negative transilent-osclllatory—acceleration factor as shown in
figure 6. Meximum wing—tip accelerations for all test runs calculated
by this method are presented in teble V. As a check on the adequacy of
this approximate method, it will be seen that the maximm accelerations
for runs 2, 3, and 7, as obtained by the time-history solution (table IV),
agree closely wilth the maximwm values of acceleration listed iIn table V.

Tt is interesting to note from figure 6 that as the ratio t,/ty

attains large values the maximum transient—oscillatory—acceleration
factor occurs at reduced values of the translational acceleration
described by the sine curve. Methods of determining maximum acceler—
ations that suggest the addition of peak acceleration values in each
mode without regard to phase may thus lead to resultant accelerations
that are unduly conservative for these large values of +tn/ti. The
Peak oscillatory components of acceleration for small values of +tp/ty

occur at very nearly the time of maximum translational acceleration.

Compearison of Experimental and Calculated Results

A comparison between the calculated wing—tlip—acceleration time
histories given in teble IV and the experimentally obtained wing—tip
accelerations 1s presented in figure 5. The agreement between theory
and experiment is good insofar as the negative values of the acceleration
are concerned but a slight discrepancy is noticed in the positive values
during the inltial stages of the impact. The exact cause of this dis~
crepancy is unknown, but it mey be due to the fact that the true hydrody—
namic forcing function is actually applied at a slower ra.te at the time
of impact than that represented by the assumed sine—curve variation. The
time-history solutions of tip acceleration were not extended very much
beyond the time of meximum acceleration since the assumed sine curve
deviates appreclably from the measured forcing function in this range.
This general agreement between the experimental acceleration and the
theoretical accelerastion calculated by considering only the effect of
the fundamental bending mode substantiates the assumption that, for the
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tested seaplane, the effects of the secondary and higher bending moles
on the resultant acceleration were small.

Figure T presents a comparison between the computed maximum negative
wing-tip accelerations given in table V and the corresponding experimental
maximm wing-tip accelerations given in table IT. Although there is some
scatter of test points, the agreement between theory and experiment
1s satisfactory.

It should be remembered. that the agreement obtained between the
theoreticel and experimental acceleration time histories and the peek
values of wing—tip acceleration are, in the case of the tested seaplans,
for an airframe wherein only the primery bending mode was important and
wherein the structural elasticity has a small effect on the hydrodynamic
load. Although the method used may be extended to include an evaluation
of the combined effects of several bending modes, the small contribution
of the higher bending modes of the test seaplane to total wing-tip
acceleration precluded the inclusion of these higher modes.

CONCLUSIONS

Experimental wing-tip-acceleration data obtained from full-scale
landing tests of a small seaplaene were campared with the analytical
wing-tip accelerations calculated by application of a simplified method
of analysis. The structural characteristics of the seaplane were
such thaet only the fundsmental wing bending mode had an important
effect on the wing—tip acceleration and the over—ell structural
properties hed a small effect on altering the hydrodynamic load. The
results of the comparison indicate that, for the tested seaplane and
for the conditions of impact encountered. the following conclusions
mnay be drawn:

1. The method of calculating the acceleration response at any wing
station by using an equivalent single-mass linear oscillator to represent
the vibratory properties of that station gave good agreement between the
measured and calculated time histories of wing-tip acceleration.

2, For the impacts encountered, the assumed sine—curve variation of
hydrodynamic impact force showed good agreement with the experimentelly
determined variation up to and somewhat beyond the time of maximum
impact load.

3. With large ratios of natural vibratory period to impact period
the maximum' transient—oscillatory—ecceleration component occurs subsequent
to the time of maximum translational acceleration so that phase relstions
ghould be used in computing the distribution of maximum accelerations in

the wing.
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k. When the most severe impacts of the tested seaplame occurred
subsequent to the initial impact of a particular landing, the sesplane
bounce that preceded this severe impact was usually sufficiently high
and of long enough duration to stop the wing vibration excited by the

prior impact.

Langley Aeronautical Laboratory
National Advisory Commlttee for Aeronautics

Lengley Field, Va., April 2, 1948
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APPENDIX

EQUATTON OF TRANSIENT ACCELERATION OF A SINGLE-MASS LINEAR OSCILLATOR
WHEN SUBJECTED TO A SINE-CURVE FORCING FUNCTION

An elastic, single-mass system liav:lng only one degree of freedom
and no damping can be schematically represented by the following sketch:

_1[’
J

The dynemics of this system when subjJected to a force of sine~
curve tims-history variation can be expressed as the followling
differential equation:

L m
“L Prax sinmfb

1 Y

¥ + ky = Ppoy sin wqt ’ (A1)
where
¥y displacement due to applied force )
m mass of system
k spring constant

maximum value of epplied force

E"d
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19
oy equivalent circular frequency of applied force,
radians per second (x/2ty)
t " time elapsed after initial water contact, seconds
by time between initial water contact and maximm
*  hydrodynamic force, seconds
The time history of the displacement of a single-mass system, as
shown in the sketch, due to any arbitrary forcing function F(r) can be
evaluated by the integral
1 t
=g | ¥ stnlog(t - 7] ar (a2)
o .

where T 1s the variable of integratlion. This integral will be reorgsn—
ized to be the Duhamel Iintegral, the derivation of which is given in
reference 4. Replacing the arbitrary forcing function F(T) in the
Duhemel integral by the sine—curve variation of the forcing func—

tion Ppyy sin wyT and substituting this value of displacement in

equation (Al) glves the solution for acceleration ¥ of the mass as

m n

t
(o]

Carrying through the integration of equation (A3) results in

P gin om;t P ()
§ = -max - e A ?:xra)i ; - (m—i sin w,t — sin %5 (ak)
(=

%
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Expressing § in terms of t, end t; and replacing a; by (;:/21:1)
and m by k/mn gives

;. Ppax ®n° sin (2—-1-)1: o2

x [ sin ot
GE
— gin (2%)1;] . (a5)

S:lmliﬁ*ing‘equation (A5) reduces the expression for ¥ to

y= l-in—a;]—:m-ﬁa- sin 2t1 t . E sin o t — sin (ﬁ—)ﬂ
B i
(n6)

The acceleration expressed by equation (A6) is used to define the
oscillatory components of the total acceleration at any point in the wing
structure when the natural-vibration characteristics of that wing station
are replaced by an equivalent single-mass osclllator as described in the
body of the paper. It will be seen from this equation that when the
ratio tp/ty; approaches zero (corresponding to an extremely slow rate of

application of the impulsive load) the acceleration ¥ defined by
equation (A6) approaches zero. This fact indicates that the oscillatory
effects are negligible. For airplanes subJected to such a very slowly
applied load, the acceleration of all polnts on the structure is nearly
the same and nearly equal to the tramslational acceleration. Equation (A6)
is plotted in the lower set of curves of figure 6 of this paper for values
2
of tn/ti ranging from 0.1 to 0.7 and for .Pg;_k“_’n_ 1, and is ldentified

thereon as the "transient—oscillatory acceleration factor.” A time—scale
correction factor is included in figure 6 to make the results generally
epplicable for all values of n.
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TABLE I

NACA TN No. 1690

WEIGHT DISTRIBUTION AND MODE-SHAPE FACTORS OF WING SEMISPAN

Mode—shape factor

Distance from Inorea::z: of
center line we bt ’ Firsz mode Second mode
(in.) (1b) (k.7 ¢cps)’ (13.00 cps),
0 ———- ~0.045 -0.061
31 881 —. 0k —~.0hT7
™ 2057 —.026 —.017
87.7 5076 —.022 —-.005
119 881 —.004 .037
170 116 .053 122
210 102 .110 .194
250 .88 .190 .238
290 181 .270 242
330 64 .370 .184
370 53 k90 Noliy
110 43 .625 -177
4ho 18 .T30 -.388
7.7 )Ty .860 —-.681
516 -—-- 1.000 —1.000
Total 9600
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TABLE IT

EXPERTMENTAT, MAXTMUM ACCELERATTONS DURING LANDING IMPACT

23

Tost Max. hull Time to max. Max., wing—
run Impact | acceleration | hull acceleration, ti tip acceleration
(8) (sec) ()
1 third =1.15 0.270 ~1.75
2 | second -1.52 150 —2.75
3 | second -1.90 .085 -4.25
“ 4 | second -.92 .270 -1.30
5 third -.90 ..143 —1.45
6 | fourth -84 .120 -1.75
T first -1.85 .190 ~-2.60
8 | second -1.25 .195 -2.35
9 | second —.95 »300 —-1..52
10 | second ~1.00 .120 -1.68
11 third —-.92 .150 -1.%0
12 | fourth -8 125 —1.45
13 | second -.95 .130 -1.40
1 third —.60 .290 —.T0
15 first -85 .120 -1.68

<
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TABLE III

NACA ‘TN No, 1690

EFFECTIVE SFRING CONSTANTS ALONG WING SEMISPAN IN FUNDAMENTAL MODE

Distance fram Increment of Effective
center line, weoight, Hc;d;—el ha.dy' efgg:::n:e:;ht spring con—
x w ¢ W ’ stant, k,
(in.) (1v) (1b/tt)
0 ———— -0.045 —————- 5,606,670
31 881 ~.0L4k 1.707 5,731*1090
™ - 2057 —:026 1.391 9,703,850
87.7 5076 —.022 2.460 11,468,180
119 881 —.00% .01k 63,075,000
170 116 .053 .329 4,760,040
210 102 .110 1.232 —2,293,640
250 88 .190 3.173 -1,327,890
290 181 270 13.230 =93l 40
330 64 .370 8.769 -681,890
370 53 .490 12,789 -514,890
Lo L3 .625 16.813 403,680
Lko 18 NEY 9.563 345,620
WTT1.7 10 .860 29.58k -293,370
516 - 1.000 | eeeme- —252,300
Total 9600 101.054

SFar unit tip deflection with respect to nodal point, see figure k.
Sample calculations for effective epring constant

(a) For wing tip € . 516 ———>

'
«—87.7T—

From equation (7):

2 2 2 .
Tn Eof” | (4.76 x 20)2 (2 x 101.054) | _onn 306 13 /ey

Yot1p = % -0.022 32.2

{(b) For point of location of wing-tip accelercmeter
Effective spring constant at 1'&50 inches fraom center line 1s obtained by application of

equation (8); thus:
S_NACA _/_
ke

) = Stip . =252300 _
ke,ﬁo Tiso 075 -336,400 1b/ft
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CALOULATED TTMA NIFTURIES OF KESULTANT WING-FTF (ETATICH h90) ACOELXRATIONS YOR EXVERE TMPAOTS

[Caly tha erfect of tha fmixomrtal heading zots of Textim (tg = 00323 ax) 1o inchaied]

asoalavadion).
S0gaillatcry anceleration = {Oscillatory acceleraticn froter) (Meximm inpact soceleration) (-1.%9).
dRagnltent anoalavation = Translxtional aacoleration + Osoillatmy acosleration,

Tewb ym 2 Toat run 3 Tosb Ten T

Tom By = 130 t1 = 0,150 msej g8 = 0.35 B = 1905 & = 0,085 eecy = 0.1 Ry = L8 & = 0150 meo) 2 = 088

cantacs,

(s TMJ:: Crealational] Geiliatery | Borsitoat WWWW mm.%?:%nw‘m Besoltant

0.0 0.20 00 T -0a3~ 0.24 0.09 0.8 018 ~0.9% 0.5 0.50 0.08 0.08 -0.13 0.0h 0.09
o2 ) .29 -30 .5 16 36 b -6 .08 g ar 16 -n N7 36
03 0 2 . T o8 e e N -5 1% 36 K- 21 —hh 62 a8
Ok .o 3 -6 - ak - 5T < -L.et L% 27 B | o - T a7
03 4 B ] 80 06 ] 50 -L.X% 1m .01 .38 .85 -7 K] 06
06 o7 30 b7 . -1k r: A8 .68 L - 6 23 =45 oTh -1
o1 65 ooh -1.00 -8 - K- 25 =LA &8 -53 oh a -1.,00 e -
08 T2 A6 -1.09 B ] -0 99 -03 -1.68 23 -1.73 61 2k -1.13 Al ~T2
.05 9 K] X3 12 -1.08 K -a8 -8 ) 2.2 & o Th a2 e
a0 8 -01 .2 =17 146 .96 = 1.8 -3 3.8 1 ~02 .35 05 .k
a 90 -0 .37 -8 .83 B9 -63 -1.69 -2 -2.7 ] -1 ~2,h% - 2.7
a8 52 -32 1. -TT 247 80 52 -1.5 -=,A ~*,30 83 - -3,5 ~-52 8,16
13 96 -z -1 -1,02 -2,48 .68 =1.08 =139 -3,5%6 -4,m B8 -2 1,68 -2 205
2k ST -4 =147 .18 -2.63 o =137 .0 -3.%3 ] - —% -1,8 .00 -8
J5 58 -5 -1.%9 -5 -2.80 36 -1.16 -6 =-5.20 ~4,18 5% -, 38 K T .86
28 98 ~53 =1,50 -1.33 -£.88 . 56 ~38 -1,18 -1.18 .90
17 <8 -5 -Lig 186 =73 ' 5 - | A -2.08 Y
J8 K- - 11 -1,k -1.06 2.4 58 —33 =1,80 -9 .18
19 50 -3 .37 -~ £ 50 -3 -8 —-Th -2,
90 E: - -1.88 =36 =2.B4 99 =15 -1,83 -7 2,9

- "Tranalationsl and secillatory acceleration factors interyclated frou figere 6, - —
Drrangletions)l sscalevation = (Zrenslaticns) acsslmration faster) (Mariwom twpant RBCA
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TABLE V
CALOULATED MAXIMUM WING-TITP AOOELERATTONS FOR ALL TEST RUM3

E)nly the effeot of the fundemental mode of vibration {tn = 0.0525 gec) is 1nolud.ed:.|

Maximm Maximm
Maximm hull Translational Translational Resultant
f»::t aooele:(.-;;::l.on, ny ta/ty :::'115] t?m a.o;:iera.tion B::"ﬂla] m‘h aooel?;)atinn" acceleration
factor T (8)
1 -1.15 0.19 0.2 0.79 =0.44 -0.91 ~1.35
2 -1,52 ;5 -.54 . -1.31 =1.46 -2.77
z -1.% .61 ~1.1% .56 =354 .06 —4.50
. —.g .19 —.g; '96 —.gz -73 j.oa
6 o'} cﬂ "'¢76 -m “'1102 —.76 —15% !
g =1.85 .28 -.35 o -1,12 =1.7k -2.86
-1.25 27 - 37 . -l -1.19 -1.93
9 hant 3 0 | .18 302:!'- -nus —-32 =n.nr-|=- =l.ll-‘-l
10 _lum uu _176 -m L 4 _1lm -.m _ecm
11 ‘-1% -35 '} -% '} 79 _om i, '67
12 - oo A2 =73 92 =99 - -1.3;
13 _1% JI-O _aﬁ -ﬂ —1.00 — _lc
lll‘ _u& -J-B -m- -T’ —-EO —-ks '-65
:!5 _i85 ;'I'!'h-' _;.?6 ) 69—’ "1:93 _iﬁ "’l=&-)

®Token at tims of maximm oboillatory acceleration factor in figure 6.

aximmm osoillatory accsleration = (Maximm oscillatory acceleration feotor) (Maxrdmum hull acosleration) (-1.359).

ciranslational ecceleration = {Translationsl acceleration famotor) (Mexirmm hull acoeleration),

MR

R W

9e

. 069T "ON NI VOVN
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N\ N
N\ Ay
@) Simplified representation of airplane
wing and fuselage.

Lt o~~~

e o S S
Vx| ¥ fnax lv

. (b) Translational motion of airplane wing
and fuselage as rigid body.

| x
Rt S S - ¢y't
.._....7.._._4—':.\:1:—_-.4 e @,:__..g....§__
- T fnax Fnax ‘Jy“[yo
]

€ 0$c1//afa}_y motion of hatural mode of
wing and fuselage -combinatron superposed
on trans/ational motion of airplane.

\

Figure 1.~ Simplified representation of translational and oscillatory
components of motion of points along wing.
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Figure 2.,- General arrangement of seaplane and accelerometers.
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Figure 3.- .Setup of seaplane during ground vibration tests,
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Figure 4.- Symmetrical bending-mode shapses of wing semispan.
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Figure 5.~ Time histories of hull and wing-tip accelerations for test runs 2, 8, and 7.
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Figure 6.- Time histories of acceleration factors for sine-curve
forcing function of unit load and various values of -t—‘L .
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Analytical acceleration, g
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Figure 7.- Comparison of maximum experimental and analytical.
wing-tip accelerations. ’



